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With an educational emphasis we demonstrate the physical 
essence of radiative transfer in the atmosphere by using a 
simple vertically continuous radiation model. It includes the 
grey model which accounts only for radiation while other 
processes of energy transfer (most importantly convection) 
are neglected. We derive the thermal profile for an 
atmosphere in radiative equilibrium, where by definition, the 
net flux is constant with depth.

Our goal is to determine the atmosphere’s vertical 
temperature profile that would arise if radiative processes 
acted alone. In Part III (GEO ExPro Vol. 16, No. 4) we looked 
at this problem for the simple single-layer atmosphere model 
which assumes a constant atmospheric temperature. So, the 
next step is to consider a model of the atmosphere, which is 
vertically continuous, but still transparent to visible radiation 
and grey in the infrared (IR). Imperfect emitters are called 
grey bodies if their spectral shape matches that of a true 
blackbody but the magnitude is less than one. To do so, we 
need the equation of radiative transfer.

With reference to the figure on page 71, assumptions we 
make are:

1. The atmosphere is transparent to the Sun’s shortwave 
radiation which peaks in the visible part of the spec-
trum (around 500 nm). The incoming solar radiation is 
S/4, where S = 1,365 W/m2 is the average annual solar 
radiation arriving at the top of the Earth’s atmosphere. 
The Earth reflects a portion aS/4, where a = 0.3 is the 
Earth’s albedo.

2. The Earth heats and radiates as a blackbody with 
B⋆  =  σBT⋆4, where σB is Stefan-Boltzmann’s constant 
and T⋆ is the surface temperature in Kelvin. For today’s 
temperature T⋆ = 289K (16oC), then B⋆ = 395.5 W/m2. 
This radiation is at a wavelength which peaks at around 
15 μm and that can be absorbed by IR-active molecules 
in the atmosphere. In the reference case of no atmos-
phere, the Earth’s blackbody radiation is denoted by 
B0  =  σBT0

4  =  (1-a)S/4  =  239 W/m2. Then, T0  =  255K 
(-18oC). 

There are of course a lot of differences between the 
vertically continuous model and the Earth. For example, 
we neglect that part of the incoming solar radiation is 
absorbed by the atmosphere. We also neglect energy 
components like conduction, convection and evaporation 
which transport heat from Earth’s surface. When we 
calculate numbers from the multi-layered model, we cannot 
expect to reproduce the energy budget numbers that are 
measured by instruments. In the following, we ignore this 
aspect of reality. 

A green flash seen from Morro Bay, California. Green flashes occur regularly on the Pacific horizon when the atmosphere, acting as a prism, scatters the 
light at sunset, allowing only the greens and sometimes blues or violets to survive their trip to the observer’s eye. 

Part XIII: The Temperature Profile in a Grey 
Atmosphere

From Arrhenius to CO₂ Storage

LASSE AMUNDSEN* and MARTIN LANDRØ, Bivrost Geo/NTNU

“Outer space is not far at all; it’s only one hour away by car 
if your car could go straight up!” 

 
Sir Fred Hoyle (1915–2001) 

British mathematician and astronomer
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The Equation of Transfer for Total Radiative Flux
In Part XII of this series (Geo ExPro Vol. 18, No. 2), we 
derived an approximate equation for radiative transfer 
of spectral flux in the atmosphere. The equation 
depends on the absorption coefficient αν = nσν being 
the product of the CO2 density n and CO2 absorption 
cross-section σν; ν being the wavenumber. 

Going from spectral flux to flux requires us to 
integrate over wavenumbers. To avoid numerical 
integration, one may invoke the so-called grey 
approximation, where the thermal opacity and thus 
absorption coefficient of the atmosphere is assumed 
to be independent of wavenumber and is represented 
by a single, broadband value. Letting αν = α = nσ 
one obtains the differential system for upward and 
downward fluxes

dF +/dz = -α(dF +-πB) (1a)

 dF –/dz = -α(dF –-πB) (1b)

where πB = σBT4 and T is the Kelvin temperature; this 
equation is the empirical radiation law derived by 
Stefan and Boltzmann, stating that the total energy 
radiated per unit surface area of a blackbody in unit 
time, or the radiated energy flux, is proportional to 
the body temperature into the fourth power (see GEO 
ExPro Vol. 16, No. 3). 

The downgoing radiation, which is the back 
radiation from the atmosphere, causes heating of 
Earth’s surface. The upward radiation contributes to 
cooling by ensuring that the absorbed energy from the Sun 
and the terrestrial radiation can be rendered back to space; 
thereby, stabilising Earth’s temperature.

Goessling and Bathiany (2016) suggest introducing a new 
vertical coordinate, the relative pressure deficit h = 1 – p(z)/p0, 
where p is pressure and p0 is the sea-level pressure; h is zero 
at sea-level and one where pressure is zero, in outer space, 
commonly accepted to be the Kármán line at 100 km. Then, 
using the hydrostatic equation dp/dz = –ρg, where ρ is density 
of air and g is gravitational acceleration, one has d/dz = (ρg/p0 ) 
d/dh. Therefore, equations 1a and 1b can be written as

dF +/dh = -β(dF +-πB) (2a)

dF -/dh = β (dF --πB) (2b)

with absorption coefficient β = np0σ/(ρg); β is the only 
parameter of the grey model and describes the atmospheric 
opacity in the IR band. From the hydrostatic equation, using 
the ideal gas law p = ρRT, where R is the gas constant, which 
is the universal gas constant divided by the molecular weight 
of the gas or mixture in question, the atmospheric pressure 
and density can be shown to fall off exponentially with height. 
By eliminating ρ from the hydrostatic equation and the ideal 
gas law one gets dp/p = -dz/L, where L = RT/g = 8 km is 
the scale height. While T is not a constant with height, but 
assuming it is, gives a simple expression for p as a function 

of height, p = p0 exp(-z/L). For an isothermal atmosphere, 
the density profile is simply ρ = p0/(gL) exp(-z/L). Since CO2 
density and air density have the same dependence on height, 
β is constant. This property of β makes equations 2a and 
2b analytically solvable, given boundary conditions, which 
are: (1) Earth’s surface at depth z = 0 radiates as a blackbody 
F+(0) = πB⋆ = σBT⋆4, and (2) at the top of the grey atmosphere 
there is no downgoing radiation, F-(1) = 0. Furthermore, 
energy balance at h = 1 requires that F+(1) = πB0 = σBT0

4. With 
these conditions, we find the fluxes as given in equation A-4; 
see Box, where the basic maths is derived. 

Blackbody Temperature Relations for Earth in Thermal 
Equilibrium
In the Box, equation A-5, the blackbody radiation as function 
of the relative pressure deficit variable h is derived. It 
determines the blackbody temperature as function of the 
absorption coefficient β:

ß + 2 2

ß(1 – h) + 1
( ß(1 – h) + 1)=T4(h) = T*

4
T0

4

The temperature profile given above is identical to the 
profiles given in the literature, e.g., Goessling and Bathiany 
(2016), Thomas and Stamnes (1999), Pierrehumbert (2010), 
and Salby (1992). Observe the discontinuity in temperature 

Sketch of the grey atmosphere model. The atmosphere is transparent to the 
Sun’s shortwave radiation in the solar band. The Earth heats and sends upwards 
longwave (IR) radiation, which is absorbed by thin layers in the atmosphere. The 
layers heat and re-radiate energy to space and back to the surface. F+ and F- denote 
upward and downward fluxes, respectively. Earth’s surface at depth z = 0 radiates 
as a blackbody with flux F+(0) = πB⋆ . At the top of the grey atmosphere there is no 
downgoing IR radiation, F-(1) = 0. The Earth is in energetic equilibrium between the 
radiation it receives from the Sun and the radiation it emits to outer space. Energy 
balance at the top of atmosphere requires that F+(1) = πB0 , where B0 is the blackbody 
radiation in the absence of atmosphere. The condition of radiative equilibrium 
requires that the net flux at any given depth, F+(h)–F-(h), remains constant. 
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at Earth’s surface, where the atmospheric temperature just 
above is always lower: T(h = 0)<T⋆. This is a result of the 
negligence of all mechanisms of energy transfer other than 
radiation in the model; in reality, diffusion of heat removes 
the discontinuity.

The second part of the above equation reveals that, for 
Earth-atmosphere in overall thermal equilibrium, an increase 
in absorptivity of a grey atmosphere leads to a temperature 
increase everywhere except at the top of atmosphere (TOA) 
where the temperature is independent of β.

Flux and Temperature Profiles
The upward and downward fluxes and the temperature are 
all linear in the relative pressure deficit variable h. To get 
the solution in height, we need to know h as a function of 
z. Assuming that the pressure is exponentially decaying 
with depth, from the definition of the relative pressure 
deficit one gets h = 1-exp(-z/L). The figure above shows 
the solutions for the temperature profile and upward and 
downward flux profiles as function of depth for β = 1.31. In 
the limit of an almost completely transparent atmosphere, 
β tends towards 0, the atmosphere attains one single 
equilibrium temperature, and the surface temperature 
attains the effective equilibrium radiative temperature T0

 of 
the planet. 

Recent Advances in Technology

The vertical coordinate z is approximate height, calculated from h = 1-exp(-z/L) with constant scale height L = 8 km. Left: Vertical temperature profile (yellow 
line) of a grey atmosphere in equilibrium for surface temperature T⋆ = 289 K (16ºC) (red dot) and β = 1.31. The atmospheric temperatures at the bottom and top 
are –9ºC and –59ºC, respectively. The vertical red line is Earth’s temperature (255K = –18ºC) with atmosphere absent. The vertical white line is the temperature 
for β = 0. Right: Downward (left yellow line) and upward (right yellow line) fluxes. The red line displays the net flux, which is constant with depth.
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Absorption Coefficients
The constant absorption coefficient β can be determined from 
the present-day blackbody radiation from Earth’s surface 
(B⋆) and blackbody radiation with atmosphere absent (B0) 
according to equation A-6, β = 2(B⋆/B0-1) = 1.31. The depth-
dependent absorption coefficient α involved in equation 1 reads

gMair
α = nσ = α0

 exp(–z/L) ; α
0
 = 

p
0
C

L
σ

where we have used that the number density n of the 
absorbing gas is n = nairC = ρC/Mair with the volume mixing 
ratio C = n/nair, and number density nair and the molecular 
weight Mair of air. Further, we assume that the density profile 
of air is exponentially decaying with depth.

For a gas with uniform mixing ratio such as CO2, α has an 
exponential decay with L equal to the scale height. 
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SOLUTION OF FLUX EQUATIONS
Equations 2a and 2b present two differential equations, one for 
the upward flux and the other one for the downward flux. It is 
convenient to introduce the net flux across an atmospheric layer, 
Fd = F + –F –, and the total flux Fs = F + + F –. Equation 2 then can 
be restated as 

dFd /dh = –βFs + 2βπB (A-1a)

dFs /dh = –βFd (A-1b)

In the first equation, on the right-hand side, Fs times dh is the 
amount of energy absorbed and 2πBdh is the amount of energy 
emitted. Equation A-1b tells that the total flux Fs can change 
with h only when there is a net flux. If there is no net flux, then 
there is symmetry, F + = F –, and the total flux gradient is zero.

The condition of radiative equilibrium (expressing 
conservation of energy) requires that the net flux at any given 
depth, F +(h) – F – (h), remains constant. The boundary condition 
at top of atmosphere, F – (1) = 0, along with energy balance which 
requires F + (1) = πB0, yield

F + (h) – F – (h) = πB0 (A-2)

The boundary condition at the bottom of atmosphere, tells F + (0) 
= πB⋆, and F – (0) = π(B⋆ – B0).

Equation A-1b can be integrated as

dz
dz(F + + F –) dz = –β�B

0

h

1 d

h

1

yielding F + (1) – F + (h) + F – (1) – F – (h) = –βπB0 (1 – h). By 
inserting boundary conditions, we find

F + (h) + F – (h) = πB0 [1 + β(1 – h)] (A-3)

Solving equations A-2 and A-3 we obtain solutions for the fluxes,

2
F +(h) = (2 + (1 – h)β)

πB
0

(A-4a)

2
F –(h) = (1 – h)β

πB
0

(A-4b)

The way to proceed to find B(h) is simple. Since Fd is constant, 
the left-hand side of equation A-1a is zero. The right-hand 
side of equation A-1a then immediately gives the sought-after 
blackbody radiation,

2
B(h) = (1 + β(1 – h))

B
0

(A-5)

which is used in the main body of the article for determining the 
temperature structure in the atmosphere as a function of h.

Equation A-5 can be combined with equation A-4a for h = 0, 
that is, F + (h = 0) = πB⋆ = πB0 (1 + β/2), to give B(0) = B⋆ –B0/2. 
Note the jump in B(0) at the surface from B⋆.

The equation for F + (h = 0) finally determines β as 

β = 2(B⋆/B0 – 1) (A-6)

We have solved the differential equations for the fluxes and 
blackbody radiation in h-coordinate, where solutions are linear in h.




