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On the Window-Grey Radiation Model 

This note adds some mathematics to Part XVI – 2.  

Goessling and Bathiany (2016) suggest extending the grey model to the simple case of two IR bands, as 
shown in Figure 2. The first band is fully transparent and corresponds to the atmospheric IR window. 
The second band is the grey IR band which we have thoroughly discussed in Part XIII. It is 
straightforward to generalize the differential equations presented in Part XIII to take into account the 
atmospheric window part. The Earth acts as a blackbody in the IR region, radiating according to its 
surface temperature 𝑇𝑇∗ the flux 𝜋𝜋𝐵𝐵∗ upwards. Part of this flux, 𝑊𝑊 = 𝛿𝛿𝜋𝜋𝐵𝐵∗, radiates in the atmospheric 
window. The rest 𝐹𝐹+(0) = (1 − 𝛿𝛿)𝜋𝜋𝐵𝐵∗, radiates in the grey window. Assume that the absorption 
coefficient is 𝛽𝛽0. The source term in the differential equation for the upward flux in the window-grey 
model is reduced by the factor 1 − 𝛿𝛿 compared to the grey model case. The differential equations that 
govern the flux transport now become 

𝑑𝑑𝐹𝐹+

𝑑𝑑ℎ
= −𝛽𝛽0�𝐹𝐹+ − 𝜋𝜋𝐵𝐵(1 − 𝛿𝛿)� (1𝑎𝑎) 

𝑑𝑑𝐹𝐹−

𝑑𝑑ℎ
= 𝛽𝛽0(𝐹𝐹− − 𝜋𝜋𝐵𝐵)   (1𝑏𝑏) 

 
These equations are quite straightforward to solve, by following a similar receipt as that given in Part 
XIII. The method of solution is summarized in the Box, and the derived window-grey temperature 
equations are listed in Table 1. The window-grey model reduces to the grey model by setting 𝛿𝛿 = 0 
whereby 𝛽𝛽0 → 𝛽𝛽. 

***** 

The atmospheric temperature at outer space, 𝑇𝑇(1), is given in Table 1. In the grey radiation model 𝑇𝑇(1) 
never changes. It is constant, independent of any change in absorption of radiation in the atmosphere. 
In contrast, in the window-grey radiation model 𝑇𝑇(1) decreases with increasing absorption in the 
opague part of the model.  

This result is not only a mathematical result. It has a physical explanation when we allow the 
atmosphere in the infrared to have two bands. The important observation to make is that the 
transparent band is the atmospheric window, outside the wavenumber range where CO2 absorbs 
radiation. Therefore, the window part is not affected by any increase in CO2 concentration. However, as 
we know and have seen, Earth’s surface temperature increases when the Earth-atmosphere system 
attains equilibrium after a CO2 increase. In the Box, we calculate the downgoing flux with height 
according to equation A-5b. At the top of atmosphere, there is no downgoing flux so that equation A-5a 
directly tells that the temperature is determined solely from the outward flux and the fraction of IR 
radiation from the surface which is directly emitted to space:  



𝑇𝑇4(1) =
𝐹𝐹+(1)

2𝜎𝜎𝐵𝐵(1− 𝛿𝛿) (2) 

Further, we recall the definition of the effective temperature 𝑇𝑇0 at outer space, expressed by the total 
outward IR radiation, given in equation A-9 as 

𝜋𝜋𝐵𝐵0 = 𝐹𝐹+(1) + 𝛿𝛿𝜋𝜋𝐵𝐵∗ (3) 

Here, 𝐵𝐵0 = 𝜎𝜎𝐵𝐵𝑇𝑇04 = (1 − 𝑎𝑎)𝑆𝑆/4 is constant, determined by the incoming radiation from the Sun which 
we assume is unchanged. Equation 3 is pure physics. Now, when Earth’s surface temperature increases, 
then 𝐵𝐵∗ increases, and 𝐹𝐹+(1) must accordingly decrease because 𝐵𝐵0 is constant. Therefore, the 
temperature at TOA has to decrease with increasing levels of CO2 in the atmosphere. In overall 
equilibrium the radiation in the opaque band is shifted to lower intensity to compensate for the increase 
in 𝐵𝐵∗. 

We now have the result that the atmospheric surface temperature increases whereas the TOA 
temperature decreases. Then, the atmospheric temperature profile 𝑇𝑇(ℎ) in the window-grey radiation 
model must have a crossover at some height ℎ𝑐𝑐 where the absorption increase leads to heating below 
and cooling above. This cross-over altitude one may interpret as the altitude from the troposphere to 
the stratosphere based on the discussion in Part XIV: Increased concentrations of CO2 are warming 
Earth’s surface and troposphere while cooling the mid to upper atmosphere. 

BOX: SOLUTION OF FLUX EQUATIONS 

Equations 1a and 1b present two differential equations, one for the upward flux and the other one for 
the downward flux. They can be solved, given two boundary conditions. At top of the atmosphere, there 
is no downgoing flux 

𝐹𝐹−(1) = 0 (𝐴𝐴 − 1𝑎𝑎) 

The Earth heats and radiates as a blackbody with 𝐵𝐵∗ = 𝜎𝜎𝐵𝐵𝑇𝑇∗4, where 𝜎𝜎𝐵𝐵 = 5.67 ⋅ 10−8   
Wm-2K-4 is Stefan-Boltzmann’s constant and 𝑇𝑇∗ is the surface temperature in Kelvin. Part of the 
blackbody radiation radiates in the atmospheric IR window, 𝑊𝑊 = 𝛿𝛿𝐵𝐵∗, while the rest radiates in the grey 
window, giving the boundary condition for the upward flux 

𝐹𝐹+(0) = (1 − 𝛿𝛿)𝜋𝜋𝐵𝐵∗ (𝐴𝐴 − 1𝑏𝑏) 

The condition of radiative equilibrium (expressing conservation of energy) requires that the net flux 
across an atmospheric layer at any depth, 𝐹𝐹𝑑𝑑(ℎ) = 𝐹𝐹+(ℎ) − 𝐹𝐹−(ℎ), remains constant. The boundary 
condition A-1a gives 

𝐹𝐹𝑑𝑑(ℎ) = 𝐹𝐹+(ℎ) − 𝐹𝐹−(ℎ) = 𝐹𝐹+(1) (𝐴𝐴 − 2) 

where 𝐹𝐹+(1) needs to be determined. The differential equation for the net flux follows from equations 
1a and 1b as 

𝑑𝑑𝐹𝐹𝑑𝑑
𝑑𝑑ℎ

= −𝛽𝛽𝐹𝐹𝑠𝑠 + 2(1 − 𝛿𝛿)𝛽𝛽𝜋𝜋𝐵𝐵 (𝐴𝐴 − 3) 



where 𝐹𝐹𝑠𝑠 = 𝐹𝐹+ + 𝐹𝐹− is the total flux. On the right-hand side, 𝐹𝐹𝑠𝑠 times 𝑑𝑑ℎ is the amount of energy 
absorbed and 2(1 − 𝛿𝛿)𝜋𝜋𝐵𝐵𝑑𝑑ℎ is the amount of energy emitted. Because 𝐹𝐹𝑑𝑑 is constant, the differential 
equation A-3 yields the energy balance equation 

𝐹𝐹+(ℎ) + 𝐹𝐹−(ℎ) = 2(1 − 𝛿𝛿)𝜋𝜋𝐵𝐵(ℎ) (𝐴𝐴 − 4) 

Equations A-2 and A-4 are used to find equations for the fluxes, 

𝐹𝐹+(ℎ) = (1 − 𝛿𝛿)𝜋𝜋𝐵𝐵(ℎ) +
1
2
𝐹𝐹+(1) (𝐴𝐴 − 5𝑎𝑎) 

𝐹𝐹−(ℎ) = (1 − 𝛿𝛿)𝜋𝜋𝐵𝐵(ℎ)−
1
2
𝐹𝐹+(1) (𝐴𝐴 − 5𝑏𝑏) 

Now, Insert equation A-5a into the differential equation 1a for the upward flux. We obtain 

𝑑𝑑𝐹𝐹+

𝑑𝑑ℎ
= −

𝛽𝛽0
2
𝐹𝐹+(1) (𝐴𝐴 − 6) 

The right-hand side is constant, so that equation A-6 can be integrated as  

�
𝑑𝑑𝐹𝐹+

𝑑𝑑𝑑𝑑

1

ℎ
𝑑𝑑𝑑𝑑 = −

𝛽𝛽0
2
𝐹𝐹+(1) � 𝑑𝑑𝑑𝑑

1

ℎ
  

yielding 

𝐹𝐹+(ℎ) = 𝐹𝐹+(1) �
𝛽𝛽0
2

(1 − ℎ) + 1�  (𝐴𝐴 − 7) 

Equation A-7 determines the yet unknown outward flux 𝐹𝐹+(1) at outer space. The simple choice ℎ = 0 
along with the boundary condition A-1b tells that 

𝐹𝐹+(1) = 2
1 − 𝛿𝛿
𝛽𝛽0 + 2

𝜋𝜋𝐵𝐵∗ = 2
1 − 𝛿𝛿
𝛿𝛿𝛽𝛽0 + 2

𝜋𝜋𝐵𝐵0 (𝐴𝐴 − 8) 

The second part of equation A-8 follows by recalling the definition of the effective temperature 𝑇𝑇0 at 
outer space, expressed by the total outward IR radiation, 

𝜋𝜋𝐵𝐵0 = 𝐹𝐹+(1) + 𝑊𝑊 = 𝐹𝐹+(1) + 𝛿𝛿𝜋𝜋𝐵𝐵∗ (𝐴𝐴 − 9) 

Equation A-9 allows us to express the surface radiation in terms of the effective temperature,  

𝐵𝐵∗ =
𝛽𝛽0 + 2
𝛿𝛿𝛽𝛽0 + 2

𝐵𝐵0 (𝐴𝐴 − 10) 

where 𝐵𝐵0 = 𝜎𝜎𝐵𝐵𝑇𝑇04 = (1 − 𝑎𝑎)𝑆𝑆/4 = 239 W/m2 is Earth’s blackbody radiation in the reference case of no 
atmosphere; hence, 𝑇𝑇0 = 255𝐾𝐾 (-18oC).  

Furthermore, the blackbody radiation at height h is determined from equation A-5a by using equations 
A-7, A-8, and A-10 as 

𝐵𝐵(ℎ) =
𝛽𝛽0(1− ℎ) + 1

𝛿𝛿𝛽𝛽0 + 2
 𝐵𝐵0 (𝐴𝐴 − 11𝑎𝑎) 



The blackbody radiation at outer space is 

𝐵𝐵(1) =
1

𝛿𝛿𝛽𝛽0 + 2
 𝐵𝐵0 (𝐴𝐴 − 11𝑏𝑏) 

while the blackbody radiation at the surface of the atmosphere is 

𝐵𝐵(0) =
𝛽𝛽0 + 1
𝛿𝛿𝛽𝛽0 + 2

𝐵𝐵0 < 𝐵𝐵∗ (𝐴𝐴 − 11𝑐𝑐) 

The blackbody temperatures are determined from the radiation as 𝐵𝐵 = 𝜎𝜎𝐵𝐵𝑇𝑇4 and listed in the Table. 

 

 
 
 
 
 
 
 
 


