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the Temperature-stratified Atmosphere
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A group of farmers desperately trying to increase their 
cows’ milk production call a theorist to help them find a 

solution. After a few months of hard work, the theorist calls 
back: “I found the optimal solution. Consider a spherical cow 

in a vacuum …” 
 

A popular joke about modeling.

From Arrhenius to CO₂ Storage

Earth’s energy budget describes the balance between the 
radiant energy that reaches Earth from the Sun and the 
energy that f lows from Earth back out to space. Since the 
launch of the first satellite instruments there has been 
much interest in determining radiative fluxes at the top of 
the atmosphere for earth radiation budget studies (House 
et al., 1986). Energy fluxes at the Earth’s surface, however, 
cannot be directly measured from space, but must be 
inferred from measurements at the top of the atmosphere 
using additional empirical or physical models (Wild, 2017). 
Recall that radiative flux is the amount of power radiated 
through a given area, in the form of photons, and has unit 
W/m2.

In Part XI (see GEO ExPro Vol. 18, No. 1, 2021) on 
the temperature-stratified atmosphere, we introduced 

the equation of radiative transfer which describes 
mathematically how a traveling beam of radiation loses 
energy to absorption and gains energy by emission 
processes. The fundamental quantity that describes this 
radiation is called spectral radiance or intensity. It might be 

useful to remember that intensity 
is the power (W) per unit wave 
number (cm-1) (or wavelength 
or frequency) interval crossing 
unit area (m-2) in unit solid angle 
(steradian-1 or sr-1) in a given 
direction. The spectral flux simply 
is the intensity integrated over all 
directions. The total flux then is 
the spectral flux integrated over 
all wavenumbers.

The objective of this short 
article is to find a model for 
radiative transfer of fluxes 
in the temperature-stratified 
atmosphere. It can be used to 
model the transmitted spectral 
flux from the Earth’s surface 
through the troposphere with 
the presence of CO2 for the 
model presented in Part XI. 
It can be used also for simple 
climate sensitivity calculations 
(see the last section of this 
article). Moreover, the model 
that we derive in this part, 
will later be used as a basis for 
finding a simpler model for 
radiative transfer. It is simpler 
in the respect that it uses the 
so-called gray approximation, 
where the thermal opacity of the 

Figure 1: Time-lapse images of the atmosphere before and after the Mount Pinatubo eruption. Mount 
Pinatubo is located about 55 miles (90 km) northwest of Manila in the Philippines. Top: Image of Earth’s 
limb at sunset, in September 1984, where the atmosphere is relatively clear. Bottom: Image in August 
1991, a little more than a month after the eruption, shows distinct layers of aerosols in the upper reaches 
of the atmosphere. The haze effect – caused by ash and gases released during the eruption resulted in 
temporary worldwide cooling by about 1°C over the two years following the eruption.
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atmosphere is assumed to be independent of wavenumber 
and represented by a single, broadband value. The model 
couples the transfer of fluxes upwards and downwards and 
further allows the prediction of the temperature profile in 
the troposphere.

A Difficult Exercise
It is not a trivial exercise to derive the flux transfer solution 
from the intensity transfer solution. The reason for this is 
the intensity’s dependence on the angle θ of a traveling beam 
to the vertical (see Part XI, Figure 3), manifested through 
a factor cosθ. To remove any angular dependence from the 
problem, a common assumption is to use an effective angle of 
the beam propagation of 60 degrees relative to the vertical, so 
that cosθ = 1/2. However, since there are other valid choices 
for this angle, as theorists we proceed without making any 
assumption about the angular distribution. To find the model 
for the upward flux per unit wavenumber our approach is 
to integrate the integral solution for radiative transfer for 
intensity, found in Part XI, over all solid angles in the upward-
pointing hemisphere.

Integral Solution for Radiative Transfer of Intensity: A 
Recap from Part XI
In Part XI (see GEO ExPro Vol. 18, No. 1, 2021) on the 
temperature-stratified atmosphere we learnt that a bit of 
infrared (IR) radiation is emitted at every height (each having 
its own temperature) and some of this is absorbed at each 
intervening level of the atmosphere. The radiation comes 
out in all directions, and the rate of emission and absorption 
is strongly dependent on wavenumber and linked to the 
quantum transitions in IR active molecules. We supposed that 
the properties of the radiation field and the properties of the 
atmosphere through which it travels are functions of a single 
coordinate, which we take to be altitude. 

We found the radiative transfer equation for upgoing 
radiance (intensity):

( ) = ( (0)) ( , 0) +  ( ) ( ( )) ( , )  (1) 

where Bν(T) is the blackbody radiation at temperature T and 
Qν(Z,z) is the function which transfers intensity upwards from 
height z to height Z, where we imagine an observer is looking 
down on our planet, Qν(Z,z) = exp(-μ-1fν(Z,z)) where fν depends 
on the absorption coefficient αν = nσν which is the product of 
CO2 density and CO2 cross-section. Finally, μ = cosθ, where 
the angle θ to the vertical axis describes the path upwards of 
the intensity.

The physical interpretation of equation (1) is 
straightforward. The first part of (1) transmits to altitude Z 
Earth’s blackbody emission which is decaying exponentially 
with rate of the absorption coefficient. The second part – 
the source term – accounts for the radiation emitted by the 
atmosphere itself. All thin layers below altitude Z contribute 
to the emission, with more distant layers given progressively 
smaller weights. The emission to space is most sensitive to 
temperatures near the top of the atmosphere.

In Part XI, for a given temperature model, we calculated the 
integral in equation 1 numerically to find the spectral radiance.

From Radiance to Flux
Now, our objective is to find an equation for the net upward 
flux per unit wavenumber, Fν

+, by multiplying equation 1 by μ 
= cosθ and integrating over all solid angles (see Figure 2) in the 
upward-pointing hemisphere. The cosθ arrives as a result of 
Lambert’s Cosine Law which holds that the radiation per unit 
solid angle (the radiant intensity) from a flat surface varies with 
the cosine of the angle to the surface normal (see Figure 3). That 
means we need to integrate over all azimuths from 0 to 2π and 
over 90 degrees of zenith, so that θ = 0→π/2. Since radiance is 
independent of azimuth, the spectral flux is given by:

( ) = 2  ( )  

After some hard work, we find the solution for spectral flux:

( ) = ( (0))
( )

( , 0) +  ( ) ( ( ))
( )

( , ) (2) 

where:

( )
( , 0) = ( , 0)(1 − ( , 0)) + ( , 0) Shi ( , 0) − Chi ( , 0)

( )
( , ) = 2 ( , ) − 2 ( , ) Γ 0, ( , )

( , ) = exp − ( , )  . 

Here, Shi and Chi are the sinh and cosh integrals, and Γ is the 
incomplete Gamma function, which are special functions that 
occur in a variety of physical and engineering problems.

Figure 2: Spherical coordinate system and solid angle. The green area on 
the sphere of radius r is dA = rdθ r sinθ dϕ. The solid angle is dΩ = dA/r2 = 
sinθdθdϕ. Define μ = cosθ; then dΩ = -dμdϕ.
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From Radiance to Approximate Flux
Equation 2 is a representation of a differential equation 
which is yet to be determined. To simplify the derivation 
of this differential equation, we suggest the approximate 
representation:

( ) = ( (0)) ( , 0) +  ( ) ( ( )) ( , )  (3) 

which is based on the approximations:

(  0) ≈ (  0) ( )
( )

(  ) ≈ ( ) (  )

The validity of the approximation can be demonstrated 
by calculating numerically the spectral flux for the exact 
(equation 2) and approximate (equation 3) 
solutions. We use the model given in Part XI 
where we calculated the transmitted spectral 
radiance from Earth’s surface through the 
troposphere with presence of CO2 to top 
of troposphere at height 11 km. The result 
is shown in Figure 4. We observe that the 
approximate equation catches the major trends 
of the transmitted spectral flux.

What are the differential equations for 
the spectral flux in the approximation given 
by equation 3? We will need those equations 
for the next part of this series, which aim at 
finding the thermal profile for an atmosphere 
in radiative equilibrium, where by definition, 
the net flux is constant with height.

Differential Equations for Spectral Flux
Equation 3 and equation 1 have similar forms 
when:

 
→  →  = 1

Due to the similar forms, spectral flux in the 
approximative representation in equation 3 must 
obey a differential equation similar to that of 
equation 1 in Part XI. Therefore:

 = (  − )

Equation 4a is the differential equation for the 
spectral flux passing upwards. The differential 
equation for the spectral flux passing downwards is:

 = (  − )

A Climate Sensitivity Calculation
The total flux (in W/m2) is found by integrating 
numerically, the flux over all wavenumbers. Let’s 
calculate the radiative forcing at the top of the 

troposphere (TOT) at two times: first at the beginning of 
the industrial revolution when CO2 concentration was 
C = 275 ppm; and second, in October 2019 when C = 408.55 
ppm. We find the warming effect |∆F| = 2.4 W/m2, which 
is slightly above the number ∆F = 2.06 W/m2 predicted by 
using Arrhenius’ logarithmic forcing rule (see GEO ExPro, 
Vol. 17, No. 2, May 2020). In this evaluation, we kept Earth’s 
and the atmospheric temperature the same for both CO2 
concentrations. 
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Figure 3: A Lambertian radiator is one that emits a radiance (called intensity, I, in 
equation 1) that is independent of angle; it emits uniformly into the hemisphere, I = 
constant. The radiant intensity (Ĩ), however, depends on the direction of emission, Ĩ = I A 
cosθ = Ĩ0 cosθ. Black body sources are Lambertian radiators. In the visible spectrum, the 
Sun is almost a Lambertian radiator, and as a result the brightness of the Sun is almost 
the same everywhere on an image of the solar disk.

LA
SS

E 
A

M
U

N
D

SE
N

 a
nd

 M
A

RT
IN

 L
A

N
D

RØ

Figure 4: The transmitted spectral flux from Earth’s surface through the troposphere with 
presence of CO2 for the model presented in Part XI, with scale height L = 8 km, to top of 
atmosphere at height 11 km. Yellow line: Exact solution (equation 2). Red line: Approximate 
solution (equation 3). White line: Earth’s emitted blackbody radiation.




