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Finite Difference 
Modelling: Part IV
Let’s Look at Examples

“If you can’t solve something with finite difference, you can 
solve it with infinite indifference.” 

Unknown

LASSE AMUNDSEN, ØRJAN PEDERSEN and MARTIN LANDRØ

Continuing the discussion that was started in GEO ExPro Vol. 15, No. 2. 
The finite difference method applied to the acoustic wave equation gives 
beautiful wave solutions. Read on! 

You might remember studying optics in 
school. You learnt that the concepts of 
reflection and refraction of light can be 
based on a theory known as geometric 
optics or ‘ray theory’, where light waves 
are represented with simple geometric 
lines or rays. Those who have read 
the book Introduction to Exploration 

Geophysics with Recent Advances (Bivrost 
Geo, Landrø and Amundsen, 2018) know 
that ray theory also applies to acoustic 
waves. You learnt that Snell’s Law, or the 
Law of Refraction, was first described by 
the Arabian optics engineer Ibn Sahl (ca. 
940–1000) and learnt the basic, quite self-
explanatory laws of ray theory: 

1. In a homogeneous, isotropic medium,
rays are straight lines; rays are normal
to the wave front and thus point in the
direction of wave propagation.

2. At the boundary between two media
of different velocities, the angle of
reflection is equal to the angle of
incidence; further, Snell’s Law gives
the relationship between the angles of
incidence and refraction (see Figure 1).

3. Ray theory is a high-frequency
approximation, implying that
the medium must vary smoothly
compared to the wavelength. Sharp
discontinuities of the medium can
be handled, but the maths then gets
complicated.
Geophysicists use a wide range of

techniques for seismic modelling, of 
which geometric ray modelling and 
FD modelling are ‘end members’. Ray 
theory is based on the fact that wave 
energy in the form of rays travels along 
minimum time paths in the model. 
Ray modelling is intuitive, may neglect 
important wave propagation effects, 
but is computationally fast, and gives 
very accurate traveltimes and accurate 
amplitudes for geometric arrivals if the 
model is sufficiently smooth. It is an 
irreplaceable modelling tool in seismic 
interpretation. Diffractions and multiple 
reflections can be added, increasing 
computing times. 

FD methods, on the other hand, are 
more physically complete – they solve 
the full differential equations. They are 
easy to implement but are limited by 
computer capabilities and are potentially 
too informative, as they include all 
wave phenomena, such as multiples, 
diffractions, and surface waves, in the 
most complex media. Here, we show 
examples of wave propagation by solving 
the acoustic, isotropic wave equation by 
the FD method for simple models. (See 
Introduction to Petroleum Seismology, 
Ikelle and Amundsen, 2018, for more 
examples.)

Waves in Concentric Spheres
If someone drops a stone into a pond, 
a short disturbance occurs at the point 
of impact. The deformed area returns 
to equilibrium, but the disturbance 
spreads gradually as concentric circles 
from the centre of impact. Since the 
energy is constant as radius increases, the 

French mathematician Pierre de 
Fermat (1601–1665) is often 
called the founder of the 
modern theory of numbers. 
In optics, Fermat’s 
principle, or the 
principle of least time, 
enunciated in 1658, 
is the principle that 
the path taken 
between two 
points by a ray 
of light is the 
path that can 
be traversed 
in the least 
time. Fermat’s 
principle applies 
to sound and 
acoustic waves, 
too. Historically, 
it has served as a 
guiding principle 
in the formulation 
of physical laws 
with the use of 
variational calculus. 
Variational principles 
are central to modern 
physics and mathematics. 



GEOExPro  March 2019  49

amplitude gets weaker and weaker, until 
we can no longer see it. This phenomenon 
is an example of wave propagation.

When we solve the 3D acoustic 

wave equation by the FD method, we 
obtain the same interpretation. The 
exact acoustic velocity at which the 
wave moves from one point to another 

depends on the physical properties of the 
medium. For constant velocity, the wave 
originating at the source expands in a 
series of spherical wavefronts centred on 
that source; a consequence of Fermat’s 
principle: minimum traveltime implies 
minimum travelled distance in any 
direction. In Figure 2 (upper row) we 
show a 2D slice through the spherical 
wavefront where spheres become circles. 
One of the most important properties 
of the spherically expanding wave is 
a decrease in intensity as the wave 
propagates away from the source. The 
pressure amplitude decays as 1/distance 
away from the source. This is called 
spherical spreading loss.

Reflected and Refracted Waves
We can observe reflection and 
refraction in daily life. When you look 
in a mirror, you are looking at light that 
has been reflected by a surface – the 
mirror. A good example of reflection 
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Figure 1: Fermat’s principle leads to Snell’s Law; when the sines of the angles in the different media 
are in the same proportion as the propagation velocities, the time to get from A to B (via the 
interface), and from A to C, is minimised. A ray of sound going from A to C by any other path than 
AO+OC will take longer.

Figure 2: Snapshots of a wavefield spreading out in time and space in a homogeneous, isotropic medium (upper row), and medium composed of two 
homogeneous acoustic half-spaces (lower row) with velocities V1 = V2/2 = 2,000 m/s. The model is 2 km x 2 km. The source location is denoted by the 
white dot and the interface by the thin black line. In the homogeneous medium, the wave propagates away from its source at the same speed in every 
direction. The wavefront is the leading edge of the disturbance. Rays (not shown) are normal to the wavefront, so at any given time, the wavefront is 
spherical in 3D (circular in 2D) with its centre at the source. In the two-layer medium, the wave that propagates solely within the upper layer is called 
the incident wave (i). After 200 ms, it has interacted with the interface. Part of the wave’s energy is reflected (r) back into the upper layer and part of 
it is transmitted (t) into the lower medium but in a different direction (i.e., it is refracted). Notice that the wavefront defining the refracted wave is still 
circular, but its radius is no longer centred on the source. We describe this as a change in the curvature of the wavefront, which implies that the raypaths 
describing the direction of propagation of the wave change direction through the boundary in accordance with Snell’s Law.
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of sound is an echo. Refraction is a 
slightly less intuitive concept, but it has 
an effect on everyday life, too. Children 
quickly notice that a straw in a glass of 
water looks (from certain angles) bent. 

Consider a medium consisting of two 
joined acoustic halfspaces of different 
velocities V1 = V2/2 = 2,000 m/s. The 
source lies in the upper halfspace, and 
the wave that is emanated is called the 
incident wavefield. At the interface 
a reflected wave and a refracted (or 
transmitted) wave are formed. While 
reflection is a change in direction of the 
incident wave upon striking the interface, 
refraction is the change in direction of 
the wave passing from one medium to the 
other caused by different velocities. 

When we solve the acoustic wave 
equation through finite differences, the 
solution obeys the laws of reflection and 
refraction, which arise as a consequence 
of continuity of the pressure field and 
the vertical component of displacement 
across the interface. Again, the source 
excites a spherical wave as seen in 
Figure 2 (lower row). When the wave 
reaches the interface between the two 
media, a portion of its energy returns to 
the upper medium. This is the reflected 
wavefield. The remaining energy enters 
the lower medium. This is the refracted 
or transmitted wavefield. 

The Head Wave
In the example above, where a spherical 

wave is incident on a plane boundary, 
and V2>V1, a ‘head wave’ is formed 
on the boundary in addition to the 
reflected and refracted waves (see 
Figure 3). A head wave is a refracted 
wave which enters and leaves a high-
velocity medium at the critical angle, 
as determined from Snell’s Law 
(sinθc = V1/V2). 

When the incident spherical 
wavefront hits the interface at critical 
angle, the refracted wave travels 
horizontally in the second medium 
with velocity V2, while the incident 
and reflected waves travel horizontally 

with velocity V1 just above the 
boundary. In this case, a part of the 
boundary between the onset points 
of the reflected and refracted waves 
is disturbed, and this disturbance is 
radiated to the upper layer in the form 
of a head wave with plane wavefront, 
leaving the interface at the critical 
angle. The associated ray path makes 
the angle θc from normal. The waveform 
of the head wave is the time integral 
of the waveform of the incident wave, 
which implies that the head wave has a 
smoother waveform than the waveform 
of the incident wave. In addition, it has 
a longer tail and a faster rise (see Ikelle 
and Amundsen, 2018). 

Although the head wave travels 
further than the direct arrival (which 
travels from source to receiver without 
hitting the interface below the two) 
before it can be recorded at the top 
of the upper layer, it travels along the 
interface at a faster speed than the 
speed of the direct arrival. Therefore, 
the head wave at a sufficiently large 
source-receiver offset can be recorded 
prior to the time of arrival of the direct 
wave. 

Geophysicists study subsurface 
velocity and layer interface structure 
by analysing the first arrival times of 
waves at the surface of the earth: the 
seismic refraction method. Refraction 
seismology is most easily understood 
through the two-layer model described 
above. 
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Figure 3: 
FD modelling 
produces the head 
wave (critically 
refracted wave) 
when the velocity 
of the lower 
layer is higher 
than the velocity 
of the upper 
layer. The head 
wave connects 
the spherical 
transmitted wave 
and the spherical 
reflected wave. 
(Colour scale in 
comparison to 
Figure 2 changed 
for display 
purposes.)

Italian physicist and mathematician Francesco Maria Grimaldi (1618–1663), left, was the first 
to describe the diffraction of light. The Grimaldi crater on the Moon is named after him. The 
mathematics of diffraction is very complicated, and a detailed theory was not worked out 
until 1818 by the French physicist Augustin-Jean Fresnel (1788–1827), right.
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The Diffracted Wave
Diffraction is when light passing an 
obstacle is seen to penetrate into the 
geometric shadow, and today refers to 
various phenomena that occur when a 
wave encounters an obstacle or a slit. 

Water waves have the ability to 
travel around corners and obstacles 
and through openings. Sound waves 
and acoustic waves do the same. For 
example, when a set of plane waves 
passes through a gap in a barrier, 
diffraction is seen as curved waves 

coming out the other side. We also 
observe that the diffraction effect is 
greatest when the wavelength of the 
waves is similar in size to the gap. This 
is a prominent result that follows from 
theory: the diffraction effect is normally 
apparent only when the obstacle’s size is 
close to the wavelength of the wave. 

Another example is audible sound 
waves which easily diffract around 
common objects in our surroundings. 
The speed of sound in air is 343 m/s, 
so that the wavelengths of sound 
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Figure 4: Snapshots of diffraction of a wavefield by the edge of a reflector slab. The theory of diffraction explains how energy can propagate into 
geometric shadow zones and the effect is verified by FD modelling.

frequencies audible to the human 
ear (20 Hz–20 kHz) are between 
approximately 17 m and 17 mm. The 
middle C musical note at 264 Hz has 
a wavelength of 1.3m, comparable to 
room dimensions – so that the C sound 
from around a corner is audible.

The FD solution of the wave equation 
produces diffractions. Figure 4 shows a 
wave pattern produced at the termination 
of a reflector slab. Observe how the 
diffraction wavefront, denoted by d, 
develops. 




