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Recent Advances in Technology

Finite Difference 
Modelling: Part III
Time-Step n-Tupling

“My aim is to convince a skeptical reader who may regard 
using finite differences as the last resort of a scoundrel that the 
theory of difference equations is a rather sophisticated affair, 
more sophisticated than the corresponding theory of partial 

differential equations.” 
Peter Lax (1926–): The American Mathematical Monthly, February 1965

LASSE AMUNDSEN, ØRJAN PEDERSEN, and MARTIN LANDRØ

In spite of the impressive developments 
in numerical methods for wave 
equations from the 1990s onward, in 
which the Lax-Wendroff method played 
a historic and landmark role, there are 
at present substantial research activities 
aimed at further improvements of 
wave equation numerical methods. In 
this light, the work of Amundsen and 
Pedersen (2017) represents a small 
contribution towards time-marching 
the wavefield by using larger time-steps. 
Their solution, in fact, is a generalised 
Lax-Wendroff correction scheme for 
wave equations. Calling their method 
‘Time-step n-tupling’, they show here 
how the time-step in FD modelling 
can be doubled, tripled, quadrupled, 
quintupled, and so on. This leads to a 
family of FD modelling solutions, where 
the time-step generally is ‘n-tupled’;  
n being any positive integer number.

To solve wave equations using FD solutions one must first 
determine the spatial and temporal sampling criteria. 
Spatial sampling of the physical velocity model is generally 
chosen to avoid numerical grid dispersion in the wavefield 
solutions. Having chosen the spatial mesh, the time sampling 
is selected to avoid numerical instability. In Part I, we 
noticed that as we increase the time-step while keeping 
the spatial grid mesh fixed, the FD method eventually 
becomes unstable. Clearly, the choice of time-step cannot be 
independent of the grid mesh. 

In this part, we consider the generic formula for the wave 

equation in time-space in the form:

 
д2

дt2— – L(x)    u(x,t) =  s(x ,t)    (1)

where L(x) is the system operator that contains material 
parameters and spatial derivatives, and s is the source term. 
For acoustic wave propagation, L=c2 2, where c=c(x) is the 
velocity, and 2 is the Laplacian given by the sum of second 
partial derivatives of the wavefield  with respect to each of 
the space variables. The FD solution of the wave equation (1), 

Peter Lax received the 
Abel Prize In 2005 for 
“contributions to the theory 
and application of partial 
differential equations and 
to the computation of their 
solutions.” As one of the most 
important mathematicians 
of the 20th century, Lax is 
applauded here in Oslo, 
by Norwegian H.R.H. 
Crown Prince Haakon. The 
Abel Prize is named after 
Norwegian mathematician 
Niels Henrik Abel (1802–
1829) and directly modelled 
on the Nobel Prizes.
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discretised in time, most often uses the classic second-order 
accurate temporal discretisation:

д2u(x,t)     D2u(x,t)     u(x, t  + Δt) – 2u(x,t) + u(x, t  – Δt)
дt2

(2)Dt2 (Δt)2≈ =

By inserting equation 2 into 1, and reordering the terms, 
we obtain the famous FD time-marching scheme which 
calculates the next value of the wavefield at the discrete time  
t+∆t from current values known at time t and the previous 
time t–∆t through the formula: 

(3)u(x, t  + Δt) = (2 + (Δt)2L(x))u(x,t) – u(x,t – Δt) + (Δt)2s(x,t)
(3)u(x, t + Δt) = (2+ (Δt)2L(x))u(x,t) – u(x,t –Δt) + (Δt)2s(x,t)

Modelling with computers starts at time zero, and the 
time-stepping continues until the desired recording time 
is met. In other words, repeated application of equation 3 
gives the wave response time history of the system. For the 
acoustic-wave equation, in which spatial derivatives are 
calculated by the pseudospectral method (Fornberg, 1987), 
the explicit method 3 is known to be numerically stable and 
convergent whenever the Courant–Friedrichs–Lewy (CFL) 
condition is fulfilled: 

(4)
cmaxΔt 2v
Δd ≤

π  D

where cmax is the maximum velocity of a given model, ∆d is 
the mesh size (spatial grid sampling), and D is the spatial 
dimension of the simulation. Furthermore, v is a constant 
parameter that depends on the type of FD scheme; for the 
scheme in equation 3, simply v = 1. We now know how we 
must change the time-step  with changes in mesh size  in 
order to maintain stability. The stability condition is a first 
topic in numerical analysis; everyone knows its importance – 
and computations make that clear. Violate equation 4, and the 
solution given by equation 3 explodes in a few time-steps.

To get a feeling for realistic ∆t in seismic modelling, 
assume that the mesh size can be chosen to  ∆d = 20m 
in a model with maximum velocity of 5,000 m/s. In 3D 
simulations, then  ∆t < 1.47 ms to avoid numerical instability. 
When we need to model 10 seconds of data, we need to run 
6,800 time-steps in the computer. If we need to model a huge 
number of shots, the simulation time may get prohibitive. 

Lax-Wendroff Schemes
The search for stable time-stepping methods with a large 
allowable time-step has been an active area of research over 
the past two decades. One popular time integration is based 
on the Taylor series method (see box overleaf), commonly 
referred to as the Lax-Wendroff method (Lax and Wendroff, 
1960). This approach begins by using a Taylor series expansion 
of the wavefield in time; the time derivatives are then replaced 
by space derivatives using the wave equation. With high-order 
Lax-Wendroff schemes, much of the practical difficulty comes 
from the necessity of defining and calculating high-order 
spatial derivatives of the wavefield.

The Taylor series expansion of the wavefield yields:

дt22дt
u(x, t  ± Δt) = u(x, t) ± Δt

дu(x, t) (Δt)2 д2u(x, t)
+

дt2246
(5)

дt3
(Δt)3 д3u(x, t) (Δt)4 д4u(x, t)

O(Δt)5+± +

Equation 5 describes two equations. By summing these, 
one obtains:

дt4дt2 12
(6)u(x, t  + Δt) – 2u(x, t) + u(x, t  – Δt) = (Δt)2 д

2u(x, t) (Δt)4 д4u(x, t)
+ O(Δt)6+

дt4дt2 12
(6)u(x, t + Δt) – 2u(x, t) + u(x, t – Δt) = (Δt)2 д

2u(x, t) (Δt)4 д4u(x, t)
+ O(Δt)6+

Then, from equation 1, time derivatives in equation 6 are 
replaced by space derivatives, and we obtain the first-order 
Lax-Wendroff correction to the classic FD equation 3:

12
(7)

u(x, t  + Δt)  =

u(x,t) + u(x,t – Δt)
(Δt)4

2 + (Δt)2 L(x) + L(x)L(x)

Higher-order corrections are obtained by using higher-
order terms in the Taylor series. Equation 7 has the CFL 
stability condition given by equation 4 when setting v = 3. 

Comparing the CFL stability conditions of the Lax-
Wendroff corrected equation 7 and the classic FD equation 
3 ( v = 3 versus  v = 1 respectively) shows that the time-step 
in the Lax-Wendroff corrected equation 7 can be increased 
by the factor 3 ; that is, made 71% larger than the time-step 
of the classic FD equation 3. However, the enlarged time-
step comes at a price: the cost of introducing more spatial 
computations per time-step. As observed in equation 7, we 
need to compute L(x) L(x) u(x,t), in addition to L(x) u(x,t). In 
the classic FD method 3, it is sufficient to calculate L(x) u(x,t).

Time-step n-tupling
Amundsen and Pedersen (2017) derived a new family of 
modelling schemes which they called Time-step n-tupling, 
having similar computational burden per time-step as the 
Lax-Wendroff schemes. The n-tupling scheme marches the 
wavefield in time to time t + n∆t from current values known 
at time t and the previous time t – n∆t; n = 2 implies doubling 
the time-step, n = 3 tripling the time-step, and so on, with CFL 
stability conditions given by equation 4 when setting v = n. 

Doubling the time-step (n = 2) gives a modelling method 
that is 2 ⁄ 3 or 15% faster than the first-order Lax-Wendroff
scheme (see Chu et al., 2009; Amundsen and Pedersen, 
2017). Time-step tripling is 50% faster than the second-
order Lax-Wendroff correction of the same spatial order. The 
improvements are particularly prominent when the solutions 
contain large numbers of wavelengths in the computational 
domain. The computational burden per time-step is the same 
as for Lax-Wendroff schemes, but the n-tupling method allows 
significantly larger time-steps. 

The n-tupling method is so simple to derive that any high-
school student (already an FD expert after having read Part I 
of this series!) can figure it out. Doubling of the time-step is 
achieved by letting t → t ± ∆t in equation 3. This substitution 
gives two equations, which can be added; then, the time-step 
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values of the wavefield at t±∆t are eliminated by one more use 
of equation 3. Then, let ∆t → ∆t ⁄ 2. The magic equation where  
∆t can take the double value of ∆t in equation 3 now is:

16
(8)

u(x, t  + Δt)  =

u(x,t) + u(x,t – Δt)
(Δt)4

2 + (Δt)2 L(x) + L(x)L(x)

Observe that the FD equation 8 has the same form as 
the famous Lax-Wendroff equation 7. Only one number is 
changed; 1/12 is replaced by 1/16. That doesn’t seem much, but 
the stability increases by allowing a time-step which is 15% 
larger. The procedure for n-tupling the time-step is the same 
as that just sketched (see Amundsen and Pedersen (2017) for 
the general formula).

Numerical Example
We solve the 2-D acoustic wave equation by using the 

Madhava of Sangamagrama (see box), among others, found the infinite 
series expansion of  π =4 ⁄1 – 4 ⁄ 3 + 4 ⁄5 – 4 ⁄ 7 + 4/9-…  
If this process is continued indefinitely, through all odd number fractions 
to infinity, the approximation will hit π exactly. 

4/1 –4/3 +4/5 –4/7 +4/9 –4/11 +4/13

3

π

4

The Taylor series is named for the English mathematician 
Brook Taylor. Taylor’s Methodus Incrementorum 
Directa et Inversa (1715) added a new branch to 
higher mathematics, now called the ‘calculus of finite 
differences’. In his work, we find the first systematic 
treatment of differential calculus and the famous Taylor 
theorem for expansion of a function – for which the 
derivatives of all orders exist – into an infinite series: 
the Taylor series. However, the importance of Taylor’s 
formula remained unrecognised until 1772, when the 
French mathematician Joseph-Louis Lagrange (1736–
1813) realised its powers and proclaimed it the basic 
principle of differential calculus. We note that in 1712, 
Taylor as a fellow of the Royal Society of London, sat on 
the committee for adjudicating Sir Isaac Newton’s and 
Gottfried Wilhelm Leibniz’s conflicting claims of priority 
in the invention of calculus (see Part I).

In fact, Taylor’s theorem was discovered by the 
Scottish mathematician James Gregory who, in 1671, 
wrote to John Collins, secretary of the Royal Society, to 
tell him of the result. Gregory’s actual notes exist on the 
back of a letter he had received on 30 January 1671 from 
an Edinburgh bookseller. This letter is preserved in the 
library of the University of St. Andrews, the oldest of 
the four ancient universities of Scotland and the third 
oldest university in the English-speaking world. Today, 
Gregory’s series is known as the infinite Taylor series 
expansion of the inverse tangent function, but Gregory 
discovered infinite series representations for several 
trigonometric functions. 

The earliest person to whom such types of series 
can be attributed with confidence is the Indian 
mathematician Madhava of Sangamagrama (1340–1425). 
Later Indian mathematicians wrote about his work with 

the trigonometric functions of sine, cosine, tangent, 
and arctangent. Madhava also discovered applications 
of his infinite series. One of them was his formula for 
π, popular by the name of Madhava-Leibniz series or 
Leibniz formula for π or Leibnitz-Gregory-Madhava 
series due to its rediscovery by Gregory in 1671 and later 
by Leibniz in 1676.

James Gregory 
(1638–1675).

Portrait of Brook Taylor 
(1685–1731) by French 
painter Louis Goupy 
(1674–1747).

Theorem of the Day
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pseudospectral method to 
calculate the spatial derivatives 
of the wavefield. We consider the 
double time-step scheme given 
in equation 8, and we carry out a 
numerical experiment on the model 
shown in the figure (right) with 
two circular velocity anomalies in a 
constant background. The lowest and 
highest velocities are 1,490 and 4,470 
m/s, respectively. The grid mesh 
is ∆d = 37.25 m in the horizontal 
and vertical directions. The CFL 
stability condition for the classic 
time-stepping algorithm in equation 
3 has the maximum allowable 
time-step ∆t = 3.75 ms. We run the 
classic algorithm at time-steps just 
beneath the CFL limit, at 3.5 ms. 
Next, we run the double time-step 
method in equation 8 with twice the 
time-step of the classic method. The 
double time-step method results in a 
stable solution, and in the figure we 
display snapshots at times 1.25, 1.77, 
and 2.33 s from both simulations 
together with the difference, which is 
negligible. 

7,524.5m

7,524.5m

4,470
m/s 

1,490
m/s 

A B C

E FD

IG H

Three snapshots of wave propagation overlain velocity model, shown at times 1.25, 1.77, and 2.33 s. A, D 
and G show the conventional method; B, E and H, the n-tupling method with time-step doubling; and C, F 
and I the difference between the conventional and n-tupling methods. 




