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Finite Difference Modeling: Part II
How to clean numeric time dispersion

“What you learn from others you can use to follow. What 
you learn for yourself you can use to lead.”  

Richard Hamming (1915–1998) 
The Art of Doing Science and Engineering: Learning to Learn

LASSE AMUNDSEN, ØRJAN PEDERSEN and MARTIN LANDRØ

Student: “I think you should be more explicit here in 
step two.”

The wave equation is the partial differential equation that governs the 
wavefield that geophysicists want to solve for advanced seismic  imaging 
of the subsurface. The finite difference (FD) approximation gives us 
another  partial differential equation – the one that we are actually 
solving in the computer for the wavefield. This approximation to time-stepping the wavefield produces a wavefield 
contaminated with temporal dispersion – a numerical error which is more pronounced towards higher frequencies or 
at longer wave propagation distances, and this error is accumulated over time. Time dispersion implies that the higher 
frequency components of the signal propagate at the wrong speed. Here we show how the Fourier transform can be used 
to relate the two partial differential equations and their solutions. Each of the two wavefields is then a time-frequency 
transformation of the other. Therefore, numerical time dispersion can be cleaned from FD modeled data post-modeling.

Finite difference (FD) modeling is the work horse of seismic 
imaging and inversion in our industry. FD-based Reverse 
Time Migration (RTM) and Full Waveform Inversion (FWI) 
are industry standard algorithms used to generate accurate 
images of the subsurface in complex geology. The bulk of the 
computational cost of RTM and FWI stems from simulating 
the propagation of waves inside the earth, a process that 
involves solving differential equations that describe the 
wave propagation under a set of initial, final and boundary 
conditions. 

To solve the wave equation by the FD method one 
discretizes the equation in time and space, and time-steps the 
wavefield in small incremental time intervals. In this article 
we will not consider the spatial discretization of the model. 
We only note that pseudo-spectral or optimized operators can 
be used for spatial derivatives to keep the spatial errors at a 
minimum. 

When time-stepping the wavefield forward in time 
increments Δt, the geophysicist needs to ensure that the 
numerical errors due to the time discretization – known as 
numerical time dispersion – do not become too large. This 
is done by selecting values of Δt  that are sufficiently small 
enough for the numerical time dispersion to be minimized. .  

Time Dispersion Leads the Signal
Numerical dispersion is the separation of different Fourier 
components of a FD approximation to a wavefield into a train 
of oscillations that travel at different speeds. Mathematically, 
it can be shown that when the physical velocity is constant 
equal to c, then the numerical waves travel with frequency 
(f)-dependent phase velocity 

  

where sinc(a) = sin(a)/a is the sinc-function – which 
geophysicists will recognize as the Fourier transform of the 
rectangular function. The sinc is unity for  f = 0 Hz, and 
decays gently with increasing frequency. Therefore, the effect 
of temporal discretization leads to numerical dispersion due 
to velocity increasing with frequency. The higher frequency 
components of the signal thus travel faster than the lower 
frequency components do. For the physical wavefield, all 
frequency components will travel with the same velocity.
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In Figure 2 we display the effect of time dispersion when 
solving the 1D wave equation in the same model as that used 
in Part 1 of this series. The non-red signals are the exact 
d’Alembert solutions to the wave equation at offsets 1, 2, 3, 
4 and 5 km away from the source, which emits a Mexican 
hat wavelet into a homogeneous medium. However, when we 
solve the wave equation with too large a time step, as in the 

Figure 1: The wave speed in the physical medium is 2,000 m/s for all 
frequencies (dashed line). Due to time discretization of the wave equation 
(in this example Δt = 2 ms) the higher frequency components of the signal 
will travel with increasingly higher speed (solid line).

Continuing the discussion that was started in GEO ExPro Vol. 15, No. 2.



GEOExPro  September 2018   53   

example of Δt = 2 ms in Figure 1,  the 
frequency components of the source 
signal travel at a speed which increases 
with the increasing frequency. This 
is, as stated, a non-physical dispersive 
effect, and is shown by the red signals 
in Figure 2. 

The good news is that the dispersion 
effect can be eliminated post-modeling. 
The not so good news, perhaps, is that 
to show how this can be done, we need 
to take you to the frequency domain by 
using Fourier transforms. The Fourier 
transform is useful in disciplines 
varying from geophysics, oceanography, 
signal and image processing, to speech recognition. In 
medical areas, it has helped in analyzing bio-signals such 
as heart rate variation and in interpreting X-ray computed 
tomography images. Fourier transforms can also be used to 
analyze and solve differential equations.

Fourier Transforms
All waveforms or signals – functions of time or space – 
that you observe in the universe are just the sum of simple 
sinusoids of different frequencies. To calculate the signal’s 
frequencies, amplitude and phase, the Fourier transform is 
often used. Making a graph of the Fourier transform of the 
signal – with the frequency on the x-axis and the amplitude 
or intensity on the y-axis – will show the strength of each 
frequency which corresponds with the signal. (If you want 
to learn more read the just-published text book by Ikelle and 
Amundsen, 2018).

As an example, let’s break down the Mexican hat wavelet, 
shown in time in Figure 3a, into its ‘building blocks’, or 
constituent frequencies. The break-down or decomposition 
can be done with a Fourier transform, and is displayed in 
Figure 3b. When we sum (integrate) the breakdowns of the 
sinusoids shown in Figure 3b which the Mexican hat consists 
of, by using an inverse Fourier transform, we get back the 
Mexican hat signal.

Numerical Time Dispersion: History and Progress
It is well known that the numerical time dispersion is 
independent of any spatial dispersion (Dablain, 1986). 
Moreover, we know that the numerical time dispersion is 
independent of the wavefield’s propagation path, the kind of 
elastic medium and any spatial modeling errors. Stork (2013) 
and others pointed out that the numerical time dispersion 
in FD-modeling can be filtered from seismograms post-
modeling using time-variable filter banks. Zhang et al. (2013) 
and Wang and Xu (2015) proposed using a frequency-time 
transform to seismograms post-modeling to eliminate the 
time-stepping dispersion. Anderson et al. (2015) showed 
that these procedures require a pre-filtering of the source 
time wavelet before the modeling starts. The approach was 
redesigned in Qin et al. (2017), Xu et al. (2017), and extended 
by Koene et al. (2017). Mittet (2017, 2018) developed a 
general analysis of the temporal dispersion problem for 

Figure 2: Mexican hat wavelets recorded at offsets 1, 2, 3, 4 and 5 km, in colors blue, black, green, 
cyan and magenta, respectively. FD modeling with time-stepping of 2 ms yields the red, dispersed 
signals, plotted together with the Mexican hats. Observe that time dispersion grows with increasing 
time or traveled distance, but can be cleaned by the procedure shown in this article.

0 1 2 3
-1

-0.5

0

0.5

1

A
m

pl
itu

de

Time (s)

Figure 3. The Mexican hat time wavelet (a) can be broken down into 
sinusoids with frequencies between 0–50 Hz, shown in (b). The sum 
of sinusoids reproduces the time signal in (a). (c) shows the relative 
amplitude strengths of each of the sinusoids up to 60 Hz. Geophysicists 
use the Fourier transform to show what frequencies are in a signal. They 
also use the Fourier transform to analyze the wave equation. 
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various kinds of source terms. Amundsen and Pedersen 
(2018) showed how numerical time dispersion can be 
corrected also for waves traveling in media with absorption. 

To be more explicit, consider the generic formula for the 
wave equation in time-space expressed as:

where  L(x) is the system operator that contains material 
parameters and spatial derivatives, and s is the source term. 
For acoustic wave propagation, L = c2 2, where c = c(x) is the 
velocity and 2 is the Laplacian. The FD solution of the wave 
equation (1), discretized in time, becomes:

with the classic second-order accurate temporal 
discretization:

(Observe that we use the hat-accent to indicate FD wavefields.) 
By inserting equation 2b into 2a, and reordering the terms, 

we obtain the famous FD time-marching scheme which 
calculates the next value of the wavefield at the discrete time 
t + ∆t from current values known at time t and the previous 
time t – ∆t through the formula:

Modeling by use of computers starts at time zero, and the 
time-stepping continues until the desired recording time is met.

Obviously, the exact wavefield and the FD wavefield are 
not equal, u(x,t) ≠ û(x,t), since the differential operators for 
the wavefields differ, L(x,t) ≠  (x,t). The problem at hand 
is: we would like to know the solution u(x,t) to the physical 
wave equation (1), but with the temporal discretization in 
equation 2 we obtain the FD wavefield û(x,t). Is there an exact 
relationship between the physical and FD wavefields?

A Miracle Occurs!
Yes! It is straightforward to show (see Amundsen and 
Pedersen, 2018) that when we Fourier transform the exact 
wave equation 1 to the frequency 

but transform the FD wave equation 2a to the frequency 
f, then the differential operators of the two systems in 
frequency-space domain become equal: L(x, ) =  (x,f). Then, 
the miracle occurs: since the differential operators are equal, 
the wavefields must be equal! Therefore, the exact wavefield 
and the FD wavefield obey the relation

This is the key result. We have arrived at the point where, 
given a time-domain solution to one of the wave equations, 
we can derive the solution to the other wave equation by 
employing the Fourier transformation. Recall that û is the 
FD wavefield in time and space. Thus, since û is known for all 
times, we can Fourier transform û to the frequency domain 
at frequency f. At this point this wavefield u equals the 
temporally dispersion-free wavefield  at frequency . Finally, 
an inverse Fourier transform gives the temporally dispersion-
free wavefield in time. 

Digital Filtering
Mittet (2018) and Amundsen and Pedersen (2018) have 
shown that the dispersion elimination can be implemented 
by applying time-step independent digital filters to the FD-
modeled data. The filters can be pre-computed and applied 
to any FD data modeled with second-order time integration 
(equation 2b) of the wave equation. Since the filters are 
independent of the time-step interval ∆t, the geophysicist 
needs to compute the filters only once in his or her career.

When we discretize the time variables, t = n∆t, t' = m∆t, 
we obtain the result:

where F(n,m) is the digital filter matrix. To remove time 
dispersion on sample n of the FD data, one simply computes 
a weighted sum over all samples m of the FD data. Figure 4 
displays the filter matrix F(n,m) in color. By applying this 
filter matrix to each of the dispersive signals in Figure 2 
(which are recorded at different source-receiver distances), 
we map them back onto the Mexican hat wavelets that 
d’Alembert showed in 1746 to be the solutions of the 1D 
wave equation. 
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Figure 4. Plot of the digital filter matrix F(n,m), N = M = 1001 that 
eliminates temporal numerical dispersion from dispersion-contaminated 
FD wave-equation seismograms. F(n,m), applied to the dispersion-
contaminated data û(m) over all time samples m, predicts the dispersion-
free data at time sample n. 




